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Abstract

This is the synthesis of a modular seven-part program organized by a single per-
spective: physics is the study of realizations of condensed mathematical structures.
Rather than fuse the seven Parts into one monolithic theory, we present them for what
they are — seven separately-stated modules, each an interface between one specific
piece of modern mathematics (condensed mathematics in the sense of Clausen and
Scholze) and one structural theme of physics, that compose hierarchically: Part I (con-
densed spaces) → Part II (observables as condensed sheaves) → Part III (information
as condensed cohomology)→ Part IV (condensed fields)→ Part V (geometry as a real-
ization functor)→ Part VI (a representation-theoretic foundation for quantum gravity)
→ Part VII (the Condensed Representation Principle). The spine of the synthesis is
one expanded ladder. Its established core is a chain of five constructional interfaces,
Cat → Cond(Sh) → D → Rep → Obs → Meas, each of which is [EST] as a math-
ematical construction. Measurement, however, does not directly produce spacetime;
it produces structured relations, and geometry is reached only through a pregeometric
reconstruction sub-ladder,

Meas → compatibility → relational → causal

→ topology → (X,⪯, g) → dynamics,

compactly

Meas→ Rel→ CausalSite→ Cond./Derived Pregeometry→ (X,⪯, g)→ dynamics.

We show that the modules share four cross-cutting structures that make composi-
tion possible: the condensed site as common substrate; sheaf/descent gluing as the
recurring mechanism; the status calculus — the bounded idempotent commutative
monoid ({EST,HEU, SPEC},max,EST) with its weakest-link theorem — as epistemic
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spine; and realization functors (Tannakian, Gelfand, Connes, Bisognano–Wichmann,
cobordism) as connective tissue. We prove, as a theorem about the program’s own log-
ical shape, a Synthesis Consolidation Theorem: the eleven interfaces of the expanded
ladder compose; every arrow up through relational structure is an established con-
struction; and the composite physical warrant is [SPEC] not because of a single magic
arrow but because of an entire Rung 4–7 segment (relational → causal → topology
→ metric → dynamics), each arrow of which is nonetheless theorem-shaped, anchored
to a determination-direction result: Malament (causal order determines topology and
the conformal metric), causal sets / Bombelli–Lee–Meyer–Sorkin (order + counting
→ Lorentzian geometry in the continuum limit), Bisognano–Wichmann / Tomita–
Takesaki (modular flow → boost/causal geometry), and Connes’ spectral distance (al-
gebra → Riemannian metric). We sharpen the program’s objective into one theorem-
shaped research target — an inverse system of finite causal diamonds, a condensed
observable sheaf, its compatibility/cohomology/modular data, and a proof that the
limit recovers causal order, then topology, then a Lorentzian metric in controlled cases
— and stress that “measurements glue, therefore geometry” is not a proof. A consoli-
dated per-rung status census closes the paper. We do not claim to have solved quantum
gravity. We claim to have assembled a coherent, modular, honestly-labelled research
program whose mathematical modules are rigorous, whose composition law is a small
proved theorem, and whose speculative burden is localized in a named, theorem-shaped
segment of four reconstruction steps.
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1 Introduction

1.1 The governing perspective and the meaning of “synthesis”

This paper synthesizes a modular, seven-part program [1, 2, 3, 4, 5, 6, 7] organized, from its
first page to its last, by one sentence.
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The governing perspective of the program

Physics is the study of realizations of condensed mathematical structures.

The word synthesis is easy to misread, so we fix its meaning at once. A synthesis, here,
is not a fusion. We are not collapsing seven papers into one grand unified theory; the house
convention of this collaboration, stated in every Part, is that the program is modular, not
monolithic. What we synthesize is the compositional structure: we make explicit how seven
separately-stated modules, each with its own established mathematics and its own clearly-
bounded speculative claim, compose into a single hierarchical ladder, what each composition
buys (its emergent structure), and how a single epistemic discipline threads through all of
them so that the composite never silently overclaims.

The distinction is load-bearing, and we honour it typographically. Throughout, “module”
denotes one Part together with its declared input and output interfaces; “composition” de-
notes the act of feeding one module’s output interface into the next module’s input interface;
and “emergent property” denotes a structure that appears in a composite that is present in
none of the individual modules alone. A synthesis of a modular program is precisely a census
of its modules, its compositions, and the properties that emerge from composition, held to
the same epistemic discipline that governs the modules.

1.2 The seven modules at a glance

Each Part is a module: an interface between condensed mathematics and one structural
theme of physics. Read top to bottom, the modules build a ladder; each rung presupposes
the one below it and adds exactly one new interface.

Module Theme Interface it adds

Part I [1] Condensed spaces Topcg ↪→ Cond(Set): the substrate

Part II [2] Observables as
sheaves

U 7→ Obs(U): a condensed
sheaf/cosheaf on the site

Part III [3] Information /
cohomology

RΓ: obstruction to gluing local states

Part IV [4] Condensed fields φ : C → Cond(Vect): fields without a
background M

Part V [5] Realization functor Realα: geometry recovered from
algebraic data

Part VI [6] Framework the assembled ladder + finite closure
theorem

Part VII [7] Principle the boxed hierarchy + Program Status
Theorem

We stress the modular reading. No Part claims to be a theory of quantum gravity.
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Part I does not claim spacetime is condensed; it proves that manifolds embed faithfully into
a strictly larger, better-behaved category and proposes that the extra room is physically
relevant. Part V does not claim to reconstruct spacetime; it proves that four established
reconstruction theorems share one schema and proposes a condensed generalization. The
synthesis inherits this discipline: it composes proposals into a proposal, and proofs into
proofs, and never mixes the two.

1.3 The expanded ladder is the spine

The single most important structural correction carried by this synthesis — and the reason
it revises an earlier, over-compressed draft — is that the terminal step from measurement
to geometry is not one arrow. In its most honest form the program is one long ladder with
two clearly separated halves, displayed in full in Figure 1. The upper half is an established
constructional core, five interfaces A1–A5,

Cat︸︷︷︸
language

A1−→ Cond(Sh)︸ ︷︷ ︸
kinematics

A2−→ D︸︷︷︸
invariants

A3−→ Rep︸︷︷︸
states

A4−→ Obs︸︷︷︸
quantities

A5−→ Meas︸ ︷︷ ︸
pairings

,

each of which is, as a mathematical construction, established ([EST]). The lower half is a
reconstruction sub-ladder R1–R6 that replaces the old single arrow “Meas→ (X, g)”,

Meas
R1−→ compat.

R2−→ relational
R3−→ causal

R4−→ topology
R5−→ (X,⪯, g) R6−→ dynamics,

compactly the program-gap

Meas → Rel → CausalSite → Cond./Derived Pregeometry → (X,⪯, g) → dynamics.
(1)

Measurement produces, at most, structured relational data — which effects occur with which
probabilities in which contexts, which observables commute, how the modular flow of a state
acts, and what the entanglement and relative-entropy data are. Spacetime — a set with
a causal order, a topology, a conformal class, a Lorentzian metric, and Einstein dynamics
— must be reconstructed from that relational data through the intermediate pregeometric
layers of (1), and each link is a separate, theorem-shaped obligation. The whole point of this
revision is that the program’s speculative burden is not concentrated in one magic arrow but
is spread over, and localized in, the segment relational → causal → topology → metric →
dynamics — while everything up through relational structure is an established construction.

1.4 Four cross-cutting structures

The reason the seven modules can compose — rather than merely sit side by side — is that
they share four structures. These are the connective tissue of the program, and Section 3
through Section 6 treat them one at a time.

1. The condensed site as common substrate (Section 3). Every module lives over the
same base: the pro-étale site of a point, equivalently sheaves on profinite (or extremally
disconnected) sets. Part I builds it; Parts II–VII reuse it verbatim.
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2. Sheaf/descent gluing as the recurring mechanism (Section 4). The one operation
that recurs at every level is gluing local data along a cover, and its failure. It is
observable descent in Part II, a cohomological obstruction class in Part III, six-functor
base change in Part IV, and a finite closure (descent) theorem in Part VI; and it is
precisely what the first two rungs R1, R2 of the reconstruction sub-ladder extract.

3. The status calculus as epistemic spine (Section 5). A single, proved composition
law — warrants compose monotonically, worst-case wins — runs through all seven
modules and is what makes “the program is a proposal” a theorem about the program,
and what localizes the speculative burden in a precise segment rather than a diffuse
cloud.

4. Representation / realization functors as connective tissue (Section 6). The
arrow “algebraic data ⇝ geometry” is one established schema (Tannakian, Gelfand,
Connes, Bisognano–Wichmann, cobordism), and the program’s central speculative
move is to condense it — which is exactly the content of the reconstruction segment
R3–R6.

A fifth theme — the through-line measurement → relations → geometry — is not a sep-
arate structure but the direction in which the four above are read; now that the intermediate
layers are explicit, we treat it in Section 9 once the machinery is in place.

1.5 Contributions of this synthesis

This paper is a synthesis, and its deliverables are correspondingly meta-level. We

• assemble the seven modules into one modular stack and display it as a single master
diagram (Figure 1) — the established core A1–A5 on top and the reconstruction sub-
ladder R1–R6 below — annotating each of the eleven interfaces with its developing
Part, its warrant, and (for the geometric rungs) its established anchor;

• give a unified mathematical framework — the condensed representation pipeline (Sec-
tion 7) — as a lax-functorial composite of the eleven interfaces, and recall the finite,
code-backed closure theorem (Part VI) that makes one nontrivial instance of the alge-
bra → metric leg fully [EST];

• prove a Synthesis Consolidation Theorem (Theorem 7.4): the interfaces compose, every
arrow up through relational structure is an established construction, and the composite
physical warrant is [SPEC] because of the Rung 4–7 segment R3–R6 (relational→ causal
→ topology → metric → dynamics), not a single arrow — with each segment arrow
theorem-shaped and anchored;

• state the program’s sharp, theorem-shaped research target (Section 10): an inverse
system of finite causal diamonds whose condensed observable sheaf, compatibil-
ity/cohomology/modular data, and limit are conjectured to recover causal order, then
topology, then a Lorentzian metric — and stress that “measurements glue, therefore
geometry” is an explicitly non-proof;
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• catalogue, level by level, the emergent properties produced by composition (Section 8)
— structures present in the composite but in no single module;

• reproduce and extend the program’s status census (Section 11) with per-rung rows,
separating the genuinely established results of the seven Parts from the honestly spec-
ulative headline.

We are emphatic that the mathematical modules — condensed mathematics, sheaf and
descent theory, algebraic and topological quantum field theory, derived algebraic geometry,
Tannakian and Connes reconstruction, and operator algebras — are established ([EST]).
The physical synthesis — emergent spacetime, and gravity from informational gluing —
is speculative ([SPEC]). The whole point of the status calculus is to make that boundary
survive composition, and the whole point of the expanded ladder is to show exactly where,
and in how many steps, the boundary is crossed.

2 The Modular Architecture

2.1 Interfaces, the ladder, and modules

We first make “interface,” “ladder,” and “module” precise, so that “composition” is an
operation and not a metaphor. The key structural point — and the resolution of the apparent
puzzle that there are seven Parts but eleven composable interfaces — is that the object that
composes is the chain of interfaces, while a module (a Part) is what develops one or more
of those interfaces. The map from Parts to interfaces is many-to-many, and that is exactly
what “modular” means here.

Definition 2.1 (The condensed representation ladder). The condensed representation ladder
is the chain of eleven composable interfaces, five core arrows A1, . . . , A5 followed by six
reconstruction arrows R1, . . . , R6:

Cat
A1−→ Cond(Sh)

A2−→ D
A3−→ Rep

A4−→ Obs
A5−→ Meas︸ ︷︷ ︸

established core

R1−→ Compat
R2−→ Rel

R3−→ Caus
R4−→ Top

R5−→ (X,⪯, g) R6−→ Dyn︸ ︷︷ ︸
reconstruction sub-ladder

.

The rung categories are Cat (a small category of spaces/measurement contexts feeding the
pro-étale embedding — concretely Topcg or a site of contexts, not the 2-category of all
categories), Cond(Sh), D = D(Cond(Ab)), Rep, Obs, Meas, then the pregeometric lay-
ers: Compat (compatibility/descent data), Rel (relational structure), Caus (causal/order
sites (S,⪯)), Top (topological spaces), (X,⪯, g) (Lorentzian metric data), and Dyn (dy-
namics). Each interface carries a construction warrant σc ∈ {EST,HEU, SPEC} (its status
as a mathematical map between the indicated categories) and an interpretation warrant
σi ∈ {EST,HEU, SPEC} (its status as a rung of physical reality). Because each interface’s
codomain is the next one’s domain, the composite P := R6 ◦ · · · ◦R1 ◦A5 ◦ · · · ◦A1 is defined.
A module is a Part that develops one or more interfaces — supplying its construction, its
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established anchor, and its warrants. The map {Parts I–VII} → {A1, . . . , A5, R1, . . . , R6} is
many-to-many; in particular Parts VI–VII develop the assembly and interpretation of the
whole ladder rather than a new rung.

The two-warrant bookkeeping — construction versus interpretation — is inherited from
Part VII and is what allows the honest statement “every arrow up through relational struc-
ture is [EST] as a mathematical construction, and the speculative burden lives in the segment
R3–R6.” We record which Part develops which interface. The chain of interfaces composes
by construction (Definition 2.1); the table below is the development map, not a second,
competing composition.

Arrow · → · Developed
by

σc σi Anchor

Established core

A1 Cat→ Cond(Sh) Parts I, II [EST] [EST] pro-étale site

A2 Cond(Sh)→ D Parts III, IV [EST] [EST] D(Cond(Ab))

A3 D→ Rep Part V [EST] [HEU] Tannakian

A4 Rep→ Obs Parts II, IV [EST] [HEU] GNS, AQFT

A5 Obs→ Meas Parts II, III [EST] [HEU] GNS, correlators

Reconstruction sub-ladder (replacing the old Meas→ (X, g))

R1 Meas→ Compat Parts II, III [EST] [HEU] descent, Čech

R2 Compat→ Rel Parts III, V [EST] [HEU] modular flow, RT

R3 Rel→ Caus Parts V, VI [SPEC] [SPEC] Bisognano–
Wichmann

R4 Caus→ Top Parts V, VI [SPEC] [SPEC] Malament; causal
sets

R5 Top→ (X,⪯, g) Parts V, VI [SPEC] [SPEC] order+vol.;
Connes

R6 (X,⪯, g)→ Dyn Parts IV, VI [SPEC] [SPEC] spectral action;
EPRL

Table 1: The eleven interfaces of the condensed representation ladder, with construction
warrant σc, interpretation warrant σi, the developing Part(s), and the established anchor.
The core A1–A5 and the first two reconstruction arrows R1, R2 are established constructions
(a merely heuristic physical reading of A3–A5, R1, R2). The whole [SPEC] burden lives in the
segment R3–R6 (relational → causal → topology → metric → dynamics), each arrow an-
chored to a determination-direction theorem rather than left as a slogan. Compare Part VII,
Table 1.

Remark 2.2 (A module may develop several interfaces; this is not a contradiction). Part II
develops both A1 (the observable sheaf on the condensed site — kinematic data) and A5, R1

(the measurement pairing and its descent — relational data); Part V develops both A3 (the
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fiber-functor assignment) and, jointly with Part VI, the reconstruction anchors of R3–R5.
This is deliberate and harmless: a Part is a body of established mathematics that may
license more than one interface. The ordering that matters for well-definedness is the fixed,
composable ordering of the interfaces A1, . . . , A5, R1, . . . , R6; Part III’s cohomology at A2/R1

is computed on the observable sheaf that Part II supplies at A1, so “Part II before Part III”
holds at the level of interfaces even though Part II also anchors the later A5.

2.2 The master stack: the expanded ladder in one figure

The seven modules assemble into a single diagram. Figure 1 is the master stack of the
program and the spine of this synthesis: the horizontal chain is the established core (six
rung categories, five [EST] interfaces A1–A5), and the vertical chain is the reconstruction
sub-ladder (seven pregeometric layers, six interfaces R1–R6) that replaces the old single
arrow. Each interface is labelled with its warrant and the Part(s) that develop it; the
geometric rungs additionally carry their established anchor. This is the diagram the whole
series has been building toward, and it is the honest picture: the red is not one arrow but a
segment.

Remark 2.3 (Why a stack and not a chain). Although Figure 1 is drawn as composable
chains of interfaces, the program it depicts is a stack of separable modules, not a single
linear derivation — which is exactly the monolithic reading we reject. The parenthetical
Part-labels on each interface make visible that each interface is developed by a separable
module (Section 2.1) with its own established core and its own bounded proposal, and
that the map from Parts to interfaces is many-to-many (Remark 2.2). One may audit,
replace, or strengthen the mathematics behind any single interface — for instance the causal-
reconstruction arrow R3 — without dismantling the others. Modularity is not decoration
here; it is what makes the program falsifiable in pieces, and it is why the speculative burden
decomposes into four separately-attackable reconstruction steps rather than one opaque leap.

2.3 Composition and its direction

Composition runs left to right along the core and top to bottom down the sub-ladder in
Figure 1: the output of module n is the input of module n+1. The physical reading runs
in the same direction and is precisely the inversion of the usual order of explanation. Stan-
dard physics starts at the end — posit a manifold (X, g) — and builds fields, states, and
observables on top of it. The program starts at the beginning — posit a category and a
condensed sheaf — and asks geometry to appear last, as an output of a chain of reconstruc-
tions. We return to this through-line in Section 9; for now we record only that composition
has a direction, that the direction is the program’s central thesis, and that the direction
now passes through named intermediate stations (compatibility, relational structure, causal
order, topology, metric) rather than teleporting from measurement to spacetime.
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Cat Cond(Sh) D Rep Obs Meas

A1 (I,II)

[EST]
A2 (III,IV)

[EST]
A3 (V)

[EST]
A4 (II,IV)

[EST]
A5 (II,III)

[EST]

Meas (sub-rung 1)

Compatibility / descent (2)

Relational structure (3)

Causal / order / locality (S,⪯) (4)

Topology τ (5)

Metric (X,⪯, g) (6)

Dynamics / Einstein limit (7)

R1 [EST]/[HEU]
(II,III)

R2 [EST]/[HEU]
(III,V)

R3 [SPEC]
(V,VI; Bisognano–Wichmann)

R4 [SPEC]
(V,VI; Malament; causal sets)

R5 [SPEC]
(V,VI; order+vol.; Connes)

R6 [SPEC]
(IV,VI; spectral action; EPRL)

Figure 1: The master stack: the expanded condensed representation ladder. Top: the
established core A1–A5, all [EST] as constructions, developing Cat → Cond(Sh) → D →
Rep→ Obs→ Meas. Bottom: the reconstruction sub-ladder R1–R6 replacing the old single
arrow “Meas→ (X, g)”, with local sub-rung numbers (1)–(7). Arrows R1, R2 are established
constructions with a heuristic physical reading; the red Rung 4–7 segment R3–R6 (relational
→ causal → topology → metric → dynamics) carries the whole speculative burden, each
arrow anchored to a determination-direction theorem (Table 1). Each interface is labelled by
its warrant and the developing Part(s). This is the single most important structural figure
of the synthesis; cf. Part VI, eq. (2), and Part VII, Fig. 1.
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3 Cross-Cutting Theme I: The Condensed Site as

Common Substrate

3.1 One site, seven times

The first thing the seven modules share is their ground. Every module lives over the pro-étale
site of a point, and this is what lets them speak to one another.

Definition 3.1 (The condensed substrate, from Part I [1, 8, 10]). Let ProFin be the cate-
gory of profinite sets (compact, Hausdorff, totally disconnected spaces; equivalently cofiltered
limits of finite discrete sets), with the Grothendieck topology whose covers are finite jointly
surjective families {Si → S}. This is the pro-étale site of a point, ∗pro-ét. A condensed set is a
sheaf T : ProFinop → Set (satisfying the finite-product and surjection-equalizer conditions);
condensed abelian groups Cond(Ab), condensed R-modules, and condensed anima are de-
fined by internalizing the corresponding algebraic structure. The topos may equivalently be
computed on extremally disconnected (Stonean) profinite sets, which form a basis.

The substrate is established [EST]

Every clause of Definition 3.1 is Clausen–Scholze mathematics [8, 9]. Two facts anchor
its use as a physics substrate, both proved in Part I. First (comparison): the functor
X 7→ (S 7→ Cont(S,X)) gives a fully faithful embedding Topcg ↪→ Cond(Set) on
compactly generated spaces (Scholze, Prop. 1.7), so the underlying topological space of
any manifold sits inside Cond(Set) with all topological information preserved. Second
(abelianness): Cond(Ab) is a Grothendieck abelian category with enough projectives
in the relevant derived sense, repairing the failure of topological abelian groups to form
an abelian category. The pro-étale site is the point-specialization of the Bhatt–Scholze
pro-étale topology for schemes [10], engineered precisely to repair pathologies of the
étale site.

3.2 How each module instantiates the substrate

The substrate is not merely shared; each module uses it in a specific, escalating way. The
following table is the through-thread of Section 3: one site, seven roles.
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Module Role of the condensed site

I The site is the deliverable: spacetime kinematics
rewritten as a condensed set.

II Test objects (extremally disconnected sets) are the
measurement contexts ; observables are sheaves on them.

III Local states are (pre)sheaves on the site; their failure to
glue is a class in condensed cohomology.

IV The base C of a field φ : C → Cond(Vect) is a condensed
anima; coefficients are solid/liquid.

V The fiber-functor target is enlarged from Vectfdk to
condensed/solid/liquid modules.

VI The finite closure theorem is computed on a discrete
(finite) condensed object — a graph.

VII The Principle asserts every physical situation is a
realization of an object on this one site.

Heuristic 3.2 (The substrate provides room [HEU]). The physical motivation, stated [HEU] in
Part I and reused throughout, is that Cond(Set) is strictly larger than Topcg: it contains non-
separated, profinitely-indexed and discretely-glued objects that no manifold provides. The
recurring proposal ([SPEC] wherever it does physical work) is that Planck-scale discreteness
and quantum nonlocality live in this surplus room. The substrate is thus doing double duty:
as [EST] mathematics it is a faithful enlargement; as [SPEC] physics it is a candidate home
for what manifolds cannot express. Crucially, this surplus room is where the finite/profinite
probes that feed the reconstruction sub-ladder live: the whole condensed contribution of the
program is to assemble continuum-like relational data from finite probes on this one site.

Remark 3.3 (Explicit non-identification). Per the program’s non-identification discipline [1]:
the condensed (external, analytic, sheaves-on-profinite-sets) route is not the cohesive
homotopy-type-theory (internal, synthetic, modal) route of Schreiber [36], nor the topos-
quantum-theory (presheaves on a context category of commutative subalgebras) route of
Isham–Döring [37]. All three use topos technology; the synthesis must not, and does not,
silently merge them.

4 Cross-Cutting Theme II: Sheaf/Descent Gluing as

the Recurring Mechanism

4.1 One operation, four appearances

If the condensed site is the noun the modules share, descent is the verb. The single operation
that recurs at every level is: glue compatible local data along a cover, and measure the
obstruction when it fails to glue. It is also, precisely, the mechanism of the first two rungs
R1, R2 of the reconstruction sub-ladder.
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Definition 4.1 (Descent datum and its obstruction, from Parts II–III [2, 3, 11]). Let F be
a presheaf on a site and {Ui → U} a cover. A descent datum is a family of local sections
si ∈ F (Ui) agreeing on overlaps, si|Uij

= sj|Uij
. F is a sheaf if every descent datum glues

to a unique global section, i.e. F (U) →
∏

i F (Ui) ⇒
∏

i,j F (Uij) is an equalizer. When F
fails descent, the obstruction is measured by the derived global sections RΓ(U, F ) and its
cohomology Ȟ•({Ui}, F ); the first obstruction to gluing a compatible family lives in Ȟ1.

The mechanism appears, escalating, at four levels. We list them because the escalation
is the compositional content of Parts II, IV, VI — and the substrate of the reconstruction
arrow R1.

Module Gluing appears as Emergent structure

II observables form a
sheaf/cosheaf

unique gluing of compatible
measurements (Ȟ0)

III states fail to glue entanglement = nonvanishing
obstruction (Ȟ1)

IV six-functor base change completed tensor/Hom of
fields, descent for solid/liquid
modules

VI finite closure theorem the whole ladder is a
descent-satisfying functor on a
finite skeleton

4.2 The sheaf-versus-cosheaf fork

A subtlety the program confronts head-on (Part II) is that gluing has two directions, and
physics needs both. Kinematic data restricts (glue via limits: a sheaf); dynamical/operator
data composes (glue via colimits: a cosheaf, or factorization algebra). The Haag–Kastler
net [15], the Brunetti–Fredenhagen–Verch locally covariant functor [16], and the Costello–
Gwilliam factorization algebra [17] are the established precedents, related by the Gwilliam–
Rejzner comparison theorem [18] for free fields.

The fork is established, and both prongs are needed [EST]

Sheaves (limit-gluing) and factorization algebras / cosheaves (colimit-gluing) are both
rigorous, and the free-field comparison between AQFT nets and Costello–Gwilliam
factorization algebras is a theorem [18]. Part II states explicitly that a condensed sheaf
of observables handles restriction (kinematics) while a condensed cosheaf /factorization
structure handles composition (dynamics), and does not silently pick one. Part III
uses exactly this duality: the marginal-problem obstruction on overlaps is a sheaf
obstruction; the entanglement class on unions is the dual cosheaf
(factorization-homology) obstruction. Both feed the reconstruction arrow R1

(Meas→ Compat).

13



4.3 The gluing theorem that must survive: automorphism reten-
tion

Gluing in physics must retain gauge data. The load-bearing fact, proved four independent
ways across the collaboration’s prior work and re-derived one level down in Part II, is that
the correct gluing lives on a stack, not a coarse quotient.

Theorem 4.2 (Automorphism retention [2, 38]). For an action groupoid [X/G] and a point
x ∈ X, the automorphism group of x in the quotient stack is its stabilizer,

Aut[X/G](x)
∼= StabG(x),

so descent on the associated prestack of observables retains automorphism/gauge informa-
tion rather than collapsing to the set-theoretic quotient X/G. Consequently the observable
attached to a measurement context is a groupoid-valued (indeed derived) datum, not merely
a coarse value.

Remark 4.3 (Why this is a cross-cutting theme, not a lemma). Theorem 4.2 is invoked in
Part II (gluing observables at A1), presupposed in Part III (the state functor’s failure of
descent at R1 is a groupoid phenomenon, not a set-level one), and generalized in Part VI
(the finite closure theorem is a stack-level, descent-satisfying statement). It is a single fact
wearing four hats — exactly the kind of shared structure a synthesis exists to name.

5 Cross-Cutting Theme III: The Status Calculus as

Epistemic Spine

5.1 The calculus

The third shared structure is the discipline that keeps the whole program honest under com-
position. It is a small proved theorem, recalled here (from Parts VI–VII) so the synthesis is
self-contained, because it is the load-bearing one: it is what makes “the program is a pro-
posal” a provable statement, and what localizes the speculative burden in a named segment
rather than diffusing it.

Definition 5.1 (Warrant set and status composition [6, 7, 40]). LetW = {EST,HEU, SPEC}
be the warrant set, totally ordered by EST < HEU < SPEC (“more established < more
speculative”), with ranks r(EST) = 0, r(HEU) = 1, r(SPEC) = 2. Define status composition
⊕ : W ×W →W by s⊕ t = max<(s, t).

Theorem 5.2 (Weakest-link theorem [6, 7]). (W,⊕,EST) is a bounded, idempotent commu-
tative monoid, with EST a two-sided identity and SPEC absorbing, and ⊕ is monotone in
each argument. Hence for any finite family s1, . . . , sn ∈ W ,

n⊕
i=1

si = max
<
{s1, . . . , sn},

so
⊕

i si = EST iff every si = EST, and
⊕

i si = SPEC iff some si = SPEC.
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Proof. This is the binary maximum on a totally ordered set, transported through the rank
order-isomorphism r : (W,<)

∼−→ ({0, 1, 2}, <), under which r(s⊕ t) = max(r(s), r(t)): asso-
ciativity, commutativity, identity (max(a, 0) = a), absorption (max(a, 2) = 2), idempotence
(max(a, a) = a), and monotonicity (a ≤ a′ ⇒ max(a, b) ≤ max(a′, b)) are the corresponding
facts about max. Induction on n reduces

⊕
to the n-ary maximum, whose value is 0 (resp.

2) iff all (resp. some) ranks are; reading back through r−1 gives the warrant identities.

Remark 5.3 (A semilattice, not a group). (W,⊕) has no inverses: once a pipeline contains a
[SPEC] link, no amount of downstream established mathematics removes it, because SPEC is
absorbing. This is the exact epistemic content wanted in a synthesis, where the temptation
to let rigorous ingredients launder a speculative headline is strongest. Status assignment
is a monoid homomorphism from the free monoid of pipeline composites to the bounded
join-semilattice (W,⊕,EST, SPEC).

5.2 The spine, worked across the seven Parts

The calculus is a spine because it is applied identically in every Part and, crucially, across
Parts. We reproduce the program’s own worked cross-Part compositions — the status-
composition discipline stated and applied in Parts VI–VII [6, 7] — which are exactly the
compositions a synthesis is responsible for auditing.

Composite claim Links Composite

Part I kinematics ◦ Part V
reconstruction of a metric

[HEU]⊕ [SPEC] [SPEC]

Part III
entanglement-as-compatibility ◦
Part VI gravity-from-gluing

[SPEC]⊕ [SPEC] [SPEC]

Part IV condensed QFT ◦ Part VII
Einstein-equation limit

[SPEC]⊕ [SPEC] [SPEC]

Any claim depending on the
segment R3–R6

⊕
i [SPEC]

Corollary 5.4 (The program’s headline is honestly [SPEC]). Any claim depending on the
emergence of spacetime or gravity composes, by Theorem 5.2, at least one [SPEC] link (one
of the reconstruction arrows R3–R6), hence is [SPEC]. In particular the program’s headline
physical claim is [SPEC], however rigorous each mathematical ingredient (condensed sets,
sheaf/descent theory, Tannakian and Connes reconstruction, AQFT/TQFT, operator alge-
bras) is on its own.

Remark 5.5 (The spine forbids double-counting). Idempotence has teeth for a synthesis. A
composite of two [SPEC] links (e.g. Part III ◦ Part VI) is [SPEC], not “doubly speculative”:
stacking two conjectures does not make the pair more credible, and ⊕ refuses to pretend
otherwise. A synthesis that concatenated speculative slogans and let their accumulation
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read as momentum would be dishonest; the calculus makes that failure mode a theorem-
level impossibility.

6 Cross-Cutting Theme IV: Realization Functors as

Connective Tissue

6.1 One schema, five established instances

The fourth shared structure is the arrow from algebra to geometry. Part V’s organiz-
ing observation is that five independent, fully rigorous reconstruction theorems are in-
stances of one schema: a geometric or dynamical object is recovered as an invariant of
algebraic/representation-theoretic data by a functor. This schema is the connective tissue
that carries the ladder from its representation-theoretic middle (Rep,Obs,Meas) through
the reconstruction sub-ladder toward its geometric end (X,⪯, g). It is precisely the set of
established anchors for the otherwise-speculative segment R3–R6.

The realization schema, five established anchors [EST]

1. Tannakian reconstruction [13, 14]: a neutral Tannakian category C with fiber
functor ω : C → Vectfdk recovers an affine group scheme Gω = Aut⊗(ω) with
C ≃ Repk(Gω). (Anchors A3.)

2. Gelfand duality: a commutative C∗-algebra recovers its compact Hausdorff
spectrum. (Anchors A5, R1.)

3. Connes reconstruction [21]: a commutative real spectral triple (A,H, D)
satisfying Connes’ axioms is the canonical spectral triple of a closed Riemannian
spin manifold, with geodesic distance
dist(p, q) = sup{|f(p)− f(q)| : ∥[D, f ]∥ ≤ 1}. Riemannian. (Anchors R5.)

4. Tomita–Takesaki / Bisognano–Wichmann [19, 20]: modular flow of a
wedge algebra with the vacuum recovers Lorentz boosts and the causal
complement (Haag duality). (Anchors R3.)

5. Cobordism hypothesis [12]: a fully extended TQFT Z : Bordn → C is rigidly
determined by its value Z(pt) on a point (a fully dualizable object).

Each recovers geometry/dynamics from algebra; each is a theorem; and each is cited
below at the precise reconstruction rung it licenses.

Definition 6.1 (The realization ladder, from Part V [5]). The realization ladder is the chain

abstract algebra
Φ−−→ condensed object

Realα−−−−→ representation/observable

→ measurement → relations → geometry,

in which the fiber functor Realα sends abstract representation data to a concrete category
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of observables, and geometry is recovered at the end by the reconstruction sub-ladder acting
on relational (measurement) data.

Remark 6.2 (Reconciling the ladder with the pipeline: two moments of “realization”). The
word “realization” names two distinct steps, and keeping them apart is essential. The
first is the fiber functor Realα, which turns abstract algebraic/derived data into concrete
representation-and-observable data; in Definition 2.1 this is the core interface A3 (D→ Rep),
and its output feeds the observable and measurement pairings A4, A5. The second is the ge-
ometric reconstruction, which turns relational data into a geometry; in the ladder this is
the segment R3–R5 (Rel → Caus → Top → (X,⪯, g)), not a single arrow. Part V’s ladder
and the pipeline agree once the two “realizations” are distinguished: fiber functor = A3;
geometric reconstruction = the segment R3–R5. It is the second realization — the whole
segment, not any one link — that is [SPEC].

6.2 The condensed generalization is the speculative move

The connective tissue is [EST] in each of its five classical instances. The program’s central
speculative proposal (Part V) is to condense it: enlarge the fiber-functor target from Vectfdk
to condensed/solid/liquid modules and ask whether a “condensed Tannakian” category of
observables, with a condensed fiber functor, feeds a reconstruction sub-ladder that recovers
an emergent — ultimately Lorentzian, dynamical — geometry. Crucially, this is not one
leap but the four separate leaps R3–R6, each with its own anchor.

Condensed reconstruction of geometry, dissected into a segment [SPEC]

There is a condensed enrichment of the realization schema whose reconstruction
output, obtained rung by rung from condensed relational data, is a full emergent
spacetime geometry (X,⪯, g) with Einstein dynamics. This is not an existing theorem,
and it is not a single missing arrow. It is four: (i) R3 — recover a causal order from
relational/modular data, with modular flow → boost as the Bisognano–Wichmann
anchor; (ii) R4 — recover topology from causal order, with Malament’s theorem as the
determination-direction anchor; (iii) R5 — recover a Lorentzian metric, with the
conformal class fixed by the causal order (Malament) and the scale by a
counting/volume datum (causal sets), and Connes’ Riemannian spectral distance as
the algebra → metric anchor; (iv) R6 — recover dynamics, with the spectral action,
the spin-foam Regge limit, and the Jacobson/entanglement-thermodynamics
derivations as templates. Every established metric reconstruction available today is
either Riemannian (Connes) or recovers only partial causal data on a fixed
background (Bisognano–Wichmann); a reconstruction recovering full Lorentzian causal
structure from condensed representation data is open. The proposal is offered as the
program’s central research segment, warranted [SPEC], and each of its four arrows is
theorem-shaped.

Remark 6.3 (Non-identification: Riemannian is not Lorentzian). Per Part V’s disci-
pline [5, 23]: Connes’ reconstruction (Riemannian, static) must not be silently upgraded
to a Lorentzian, dynamical reconstruction, and the segment R3–R6 must not be silently
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collapsed back into one arrow. The synthesis inherits both boundaries; the sharpest single
gap in the entire program is the Riemannian-to-Lorentzian passage at R5, but Malament’s
theorem (Section 7) shows that the true first target is R3 (recover the causal order), from
which topology and the conformal metric largely follow.

7 The Unified Mathematical Framework: The Con-

densed Representation Pipeline

7.1 The pipeline as a lax-functorial composite

We now give the promised unified framework spanning all seven modules. It is the composite
of the eleven interfaces of Definition 2.1, presented as a single (lax-)functorial pipeline. The
point of the definition is that it makes the whole program one mathematical object, whose
warrant is then computable by Theorem 5.2.

Definition 7.1 (The condensed representation pipeline). The condensed representation
pipeline is the composable diagram of (large) categories

Cat
A1−→ Cond(Sh)

A2−→ D(Cond(Ab))
A3−→ Rep

A4−→ Obs
A5−→ Meas

R1−→ Compat
R2−→ Rel

R3−→ Caus
R4−→ Top

R5−→ (X,⪯, g) R6−→ Dyn,

with interfaces exactly as tabulated in Table 1: A1 is the pro-étale/Yoneda embedding to-
gether with the observable sheaf (Parts I–II); A2 passes to the derived category and extracts
cohomological invariants, with the condensed-field homological algebra of Part IV (Parts III–
IV); A3 is the fiber-functor assignment presenting a rigid tensor category of derived condensed
objects as representation data (Part V); A4 is the GNS/representation pairing producing an
algebra of observables (Parts II, IV); A5 is the measurement pairing producing raw statistics
— expectation values and multi-point correlators (Parts II–III); and R1–R6 is the reconstruc-
tion sub-ladder (Section 7.2). We write P := R6 ◦· · ·◦R1 ◦A5 ◦· · ·◦A1 for the composite and
P− := R2 ◦ · · · ◦ A1 for the truncation stopping at relational structure. The composition is
lax : each interface is functorial up to coherent natural transformation encoding the descent
data of Definition 4.1.

Remark 7.2 (This is the KB realization pipeline, condensed and de-compressed). Defini-
tion 7.1 is the condensed instantiation of the collaboration’s inherited realization pipelines
Obsα(M) = Obs(Realα(Φ(M))) [38] and observable = per(motive) of the motivic ladder [39]:
the abstract information object is Φ = A2 ◦ A1 (Cat → Der), the fiber functor is A3, the
observable-and-measurement pairing is A5◦A4, and the geometric realization — which in the
inherited pipeline was a single opaque Realα — is here de-compressed into the reconstruction
sub-ladder R1–R6. The novelty is that every category in the chain is condensed/derived, that
the target of the sub-ladder is a geometry rather than a number, and that the passage to
geometry is resolved into named, separately-anchored intermediate stations.
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7.2 The reconstruction sub-ladder, rung by rung

The sub-ladder R1–R6 is the heart of the revised synthesis, so we walk it, naming for each
rung its mechanism, its established anchor, its honest status, and what a proof of the
background-free condensed version would require. This is Part VI’s Stage 5 and Part VII’s
expanded hierarchy, assembled here into the synthesis spine.

R1: Meas→ Compat ([EST] construction, [HEU] reading; Parts II, III). Local mea-
surement pairings are assembled into gluing data: which local outcomes agree on overlaps,
and with what obstruction. Compatibility of local sections and the obstruction to gluing
them are the content of descent and Čech cohomology on a site (Definition 4.1), realized
condensed-natively on the pro-étale site; the surface-code H1(Σ;F2) theorem and Part VI’s
finite-nerve Čech computation are finite [EST] instances. What is [HEU] is that physical
compatibility of measurements is sheaf-theoretic descent on the condensed site.

R2: Compat → Rel ([EST] construction, [HEU] reading; Parts III, V). From raw
descent data one extracts the relational invariants a reconstruction can consume: corre-
lations; the commutation/noncommutation lattice; context inclusion and Kochen–Specker
contextuality; the modular flow σφ

t of a faithful normal state (uniquely determined by
Tomita–Takesaki theory [19]); and entanglement/relative-entropy data (Araki relative en-
tropy; Ryu–Takayanagi [25]; entanglement-wedge reconstruction [30]). Each is a canonically
defined algebraic invariant, so the extraction is [EST]. What is [HEU] is that this bundle of
relational data suffices to determine a geometry. (This relational data manifests its physical
richness only in the infinite-dimensional Type III von Neumann setting, where modular flow
is genuinely thermal/temporal — the regime of Bisognano–Wichmann; on the finite closures
below the algebra is Type I and modular flow is geometrically inert, which is one precise rea-
son the passage to the continuum limit is physically necessary and the finite closure realizes
only the algebra → metric leg R5.)

R3: Rel → Caus ([SPEC]; anchor Bisognano–Wichmann; Parts V, VI). The first
genuinely pregeometric-to-geometric rung, and the head of the speculative segment. Its
determination-direction anchor is Bisognano–Wichmann/Tomita–Takesaki [20, 19]: for a
wedge algebra in the vacuum, the modular flow is the geometric boost preserving the wedge,
so modular data already encodes a piece of causal geometry; Haag duality [15] ties an
algebra’s commutant to the causal complement; the ER=EPR reading [27, 28] connects
entanglement to causal connectivity. But these presuppose the wedge geometry; recovering a
causal order (S,⪯) from relational data with no spacetime input has no established theorem
(cf. Franco–Eckstein’s algebraic causality [23]). What a proof would require: a modular-
covariance analogue in the condensed, background-free setting, deriving a causal order from
modular data alone.

R4: Caus → Top ([SPEC]; anchor Malament, causal sets; Parts V, VI). Given a
causal order, topology is nearly forced. Malament’s theorem [24]: for a distinguishing space-
time, the chronological/causal order determines the manifold topology, the smooth structure,
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and the conformal class of the metric — everything but a conformal factor. So “order ⇒
topology” is a theorem in the direction of determination. In the discrete/reconstructive di-
rection, causal-set theory [34] takes a locally finite partial order and reconstructs a Lorentzian
geometry in the continuum limit — [EST] in controlled cases (faithful sprinklings). What is
[SPEC] is that the causal order our pipeline extracts is of the type these theorems require,
and that its continuum limit exists.

R5: Top → (X,⪯, g) ([SPEC]; anchors order+volume, Connes; Parts V, VI). Two
determination anchors bracket this leg. Causal sets supply the conformal-to-metric comple-
tion: order fixes the conformal class (Malament) and volume by counting fixes the remaining
scale, so order + counting yields a Lorentzian geometry in the continuum limit in controlled
cases [34]. On the algebra side, Connes’ spectral distance dD(p, q) = sup{|f(p) − f(q)| :
∥[D, f ]∥ ≤ 1} recovers a genuine metric from a spectral triple — but a Riemannian one [21];
Part VI’s finite closure theorem (Theorem 7.7) instantiates the algebra→ metric leg finitely.
The open problem is the Lorentzian algebra → metric reconstruction; this is the program’s
single sharpest gap.

R6: (X,⪯, g)→ Dyn ([SPEC]; templates only; Parts IV, VI). Finally, dynamics: that
the reconstructed geometry obeys a limit of the Einstein equations. Three determination-
direction templates exist but none is condensed-native: the Chamseddine–Connes spectral
action [22], whose heat-kernel expansion yields Einstein–Hilbert plus the Standard-Model
bosonic sector; the large-spin limit of the EPRL spin-foam amplitude [32, 33], yielding the
Regge action; and Jacobson’s δQ = T δS derivation [31] together with the Faulkner et
al. entanglement first law [26], yielding linearized Einstein equations thermodynamically.
Emulating any of these condensed-natively is open.

Remark 7.3 (Where the blocking work lives). The condensed contribution is concentrated
on the left of the sub-ladder: assembling continuum-like relational data from finite/profinite
probes (R1, R2), and extracting compatibility/cohomology/modular content. The recon-
struction proper — the right, R3–R6 — is licensed rung by rung only by the established
anchors above; where no such theorem exists, the rung is [SPEC]. The blocking work of the
whole program is thereby localized in this lower segment, and it is emphatically not a single
magic arrow “observables ⇒ spacetime.”

7.3 The Synthesis Consolidation Theorem

The framework’s payoff is a single theorem about the program’s logical shape. It is [EST]
— it is a statement about warrants and composition, proved by Theorem 5.2 — and it
is the honest headline of the synthesis: the eleven interfaces do compose; everything up
through relational structure is established construction; and the speculation is localized in
the segment R3–R6, four theorem-shaped reconstruction steps, not a single arrow.

Theorem 7.4 (Synthesis Consolidation Theorem). Let P = R6 ◦ · · · ◦ R1 ◦ A5 ◦ · · · ◦ A1 be
the condensed representation pipeline of Definition 7.1, with construction and interpretation
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warrants as declared in Parts I–VII and tabulated in Table 1:

σc = ([EST], [EST], [EST], [EST], [EST]︸ ︷︷ ︸
A1–A5

, [EST], [EST]︸ ︷︷ ︸
R1,R2

, [SPEC], [SPEC], [SPEC], [SPEC]︸ ︷︷ ︸
R3–R6

),

σi = ([EST], [EST], [HEU], [HEU], [HEU], [HEU], [HEU], [SPEC], [SPEC], [SPEC], [SPEC]).

Write S = {R3, R4, R5, R6} for the reconstruction (Rung 4–7) segment and H− =
(A1, . . . , A5, R1, R2) for the ladder truncated through relational structure. Then:

1. (Composability.) The interfaces compose: each interface’s codomain is the next
one’s domain (Definition 2.1), so P is defined. Every Part develops one or more in-
terfaces, and the many-to-many Part-to-interface map does not affect well-definedness,
which depends only on the fixed ordering (Remark 2.2).

2. (Everything through relational structure is established construction.)
σc(Ai) = EST for all i and σc(R1) = σc(R2) = EST, arrow by arrow: A1 the pro-étale
embedding and Cond(Ab) abelianness [8]; A2 the stable ∞-category D(Cond(Ab)) with
its six-functor formalism [9, 12]; A3 the fiber-functor/Tannakian assignment [13, 14];
A4 the GNS/AQFT pairing [15]; A5 the correlator pairing; R1 descent/Čech (Defi-
nition 4.1); and R2 the canonically defined relational invariants (modular flow [19],
RT [25]). Consequently H− has composite construction status

⊕
H−σc = EST and

composite interpretation status HEU.

3. (The speculative burden is a segment, not a point.) In both warrant layers,
SPEC is attained exactly on the segment S = {R3, R4, R5, R6}: every arrow of S is
[SPEC], and every arrow outside S has rank ≤ 1. There is no single arrow whose
deletion makes the composite non-[SPEC]; four deletions (R3–R6) are required.

4. (Composite status and localization.) The composite warrants are

σc(P) =
⊕
k

σc = SPEC, σi(P) =
⊕
k

σi = SPEC,

and both are [SPEC] because of, and only because of, the segment S. Replacing all
four σ(R3), . . . , σ(R6) by HEU makes both composites HEU; replacing all four by EST
makes the construction-layer composite EST. Because each arrow of S carries its own
determination-direction anchor (Table 1, Section 7.2), the localization is a sequence of
four theorem-shaped targets, not a single magic arrow.

Proof. (1) holds because the interfaces are, by Definition 2.1, a fixed composable chain,
so P is defined; the many-to-many development map (Remark 2.2) does not enter well-
definedness. (2) is the conjunction of the seven EST construction anchors listed arrow
by arrow, each a cited theorem or a finite verified construction; by the worst-case (join
= maximum) property of Theorem 5.2 their join is EST, and the interpretation join
max([EST], [EST], [HEU], [HEU], [HEU], [HEU], [HEU]) = [HEU]. In particular the anchor for
A3 is used in the correct direction: Tannakian duality certifies that a rigid tensor category
with a fiber functor is a category of representations of a recovered group scheme, so A3
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presents derived condensed data as representation data, not the reverse. (3): inspecting
the two warrant tuples, the value SPEC (rank 2) occurs in exactly the four coordinates
R3, R4, R5, R6; every coordinate among A1–A5, R1, R2 has rank≤ 1. Hence the rank-maximal
links are exactly S, in both layers, and no single deletion suffices. (4) is Theorem 5.2 applied
to the two tuples: each contains SPEC (in the S-coordinates), so both joins are SPEC, and
by the “iff some link is SPEC” clause they are SPEC because of those links. By (3) the
segment S contains every rank-maximal link, so once A1–A5, R1, R2 are fixed at rank ≤ 1 the
composite equals max(rank ≤ 1, maxR∈S σ(R)), which is nondecreasing in maxR∈S σ(R);
setting all four S-statuses to [HEU] gives max([EST], . . . , [EST], [HEU]) = [HEU] (construc-
tion) and max([HEU], . . . , [HEU]) = [HEU] (interpretation), and setting all four to [EST]
gives construction composite [EST].

Corollary 7.5 (The program is a proposal, provably, and one hard segment away from
heuristic). The condensed representation program, as a physical claim about spacetime, has
status [SPEC], and does so because of the segment R3–R6. No accumulation of established
mathematics in A1–A5, R1, R2 can change this, because SPEC is absorbing (Remark 5.3).
Equivalently: the program is exactly four theorem-shaped reconstruction steps — relational
→ causal → topology → metric → dynamics — away from being at worst heuristic rather
than speculative; and by Malament’s theorem the first of these (recovering causal order, R3)
already almost determines the next two.

Remark 7.6 (What the theorem does and does not say — and how it revises the earlier draft).
Theorem 7.4 is a theorem about the program, not about spacetime. It asserts that the mod-
ular architecture is coherent (the pieces compose), that its mathematics through relational
structure is established (every construction warrant of A1–A5, R1, R2 is [EST]), and that its
speculation is honest and localized in a segment (the four arrows R3–R6, each anchored).
It deliberately corrects an earlier, over-compressed version of this synthesis, which located
the entire speculative burden in a single arrow “Meas→ (X, g).” That single-arrow reading
is now known to be wrong in the direction of under -stating the work: measurement yields
relational data, and the passage to geometry factors through four separate reconstruction
obligations, each of which must be discharged on its own. The theorem asserts nothing
about whether any of R3–R6 is true; that is the research target (Section 10) and the open
questions, and it is open.

7.4 The established core: a finite closure theorem

Theorem 7.4(2) leans, at the algebra→ metric leg R5, on a finite [EST] instance of the whole
pipeline. We recall it (Part VI) because it is the concrete anchor that keeps the framework
from being vocabulary: on a finite skeleton, the composite is a genuine, computable, descent-
satisfying functor, and its emergent distance coincides with an established spectral distance.

Theorem 7.7 (Finite closure theorem [6]). Let G = (V,E,w) be a finite weighted connected
graph, regarded as a discrete condensed object. Let D(G) be the Čech complex of its nerve,
a positive weight a state, and distG the induced path metric. Then the finite composite
Pfin : G 7→ (V, distG) is a well-defined functor that satisfies descent (gluing of subgraphs along
shared vertices), and distG coincides with the finite Connes spectral distance dist(p, q) =
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sup{|f(p)− f(q)| : f : V → R, ∥[D, f ]∥ ≤ 1} of the associated finite spectral triple (A,H, D)
of Part V. This composite is fully [EST] and code-backed.

Remark 7.8 (The role of the finite anchor in the synthesis). Theorem 7.7 is the finite, provable
shape of the algebra → metric rung R5: a discrete condensed object in, an emergent metric
out, with descent respected and the metric matching an established construction. It does
not establish any of the [SPEC] rungs (it is finite, static, Riemannian-flavoured, Type I, and
dynamics-free, so it realizes neither the causal rungs R3, R4 nor the dynamical rung R6), but
it certifies that the final reconstruction leg is not empty — there is at least one nontrivial,
fully rigorous instance of “geometry as realization output.” A synthesis must exhibit such
an anchor, or its unified framework is only a diagram.

8 Emergent Properties from Composition

8.1 Emergence, precisely

The modular reading pays a specific dividend: at each composition, a structure appears that
is present in no single module. We call such a structure emergent (in the strict, deflationary
sense of Section 1.1: present in the composite, absent in each factor). Cataloguing emergence
level by level is the compositional heart of the synthesis.
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Composite Emergent property
(absent in the factors)

Warrant

I Surplus room:
non-separated,
profinitely-indexed objects

[EST] (math) / [HEU]
(physics)

I◦II A site of contexts :
observables as a sheaf,
unique gluing of compatible
measurements (A1)

[EST]

I◦II◦III Obstruction cohomology :
entanglement as a nonzero
Ȟ1 class (R1)

[EST] (formalism) /
[SPEC] (identification)

· · · ◦IV Homological algebra of fields :
completed ⊗/Hom,
six-functor descent (A2)

[EST]

· · · ◦V (R2) Relational structure:
modular flow, correlations,
entanglement data extracted

[EST] (invariants) /
[HEU] (sufficiency)

· · · ◦V (R3–R5) Emergent geometry : causal
order, topology, a (finite)
spectral metric

[EST] (finite R5) / [SPEC]
(segment)

· · · ◦VI Background independence as
descent : the whole ladder
glues on a finite skeleton

[EST] (finite) / [SPEC]
(full)

· · · ◦VII Localization of speculation:
one named [SPEC] segment
R3–R6

[EST] (meta-theorem)

8.2 The four decisive emergences, discussed

Emergence 1: a site of contexts (I◦II, interface A1). Part I alone gives a substrate but
no observables; Part II alone presupposes a site but not a condensed one. Composed, they
produce something neither has: observables organized as a condensed sheaf on measurement
contexts, with a proved unique-gluing theorem (Definition 4.1) and automorphism retention
(Theorem 4.2). The emergent property is descent for measurements — compatible local
observations determine a unique global one — and it is [EST].

Emergence 2: obstruction cohomology (I◦II◦III, rung R1). Adding Part III turns
the failure of descent into a first-class object. States do not glue (the quantum marginal
problem), and the obstruction is a class in condensed cohomology. The emergent property —
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entanglement measured as a cohomology class — is the program’s most striking composite.
Its formalism (Ȟ1, derived categories of solid/liquid modules) is [EST]; the identification of
that class with physical entanglement is [SPEC] (no literature combines condensed cohomol-
ogy with entanglement), and the synthesis labels it so.

Emergence 3: emergent geometry as a segment (· · · ◦V, rungs R3–R5). Adding
Part V’s realization functor and its reconstruction sub-ladder produces — rung by rung —
a causal order, a topology, and a distance where the earlier modules had only algebra and
cohomology. The finite closure theorem (Theorem 7.7) makes the last of these (the algebra
→ metric leg R5) [EST] in the finite case: a graph goes in, a metric coincident with Connes’
spectral distance comes out. The full, infinite, Lorentzian, causal-and-dynamical emergence
— the whole segment R3–R6 — is [SPEC], and it is emphatically four emergences, not one:
the causal order (R3), the topology (R4), the Lorentzian metric (R5), and the dynamics (R6)
each emerge by a separate, separately anchored step.

Emergence 4: localization of speculation (· · · ◦VII). The final composition is reflex-
ive: Part VII composes the whole ladder with the status calculus and produces a theorem
about the composite, namely that its entire speculative burden sits in the segment R3–R6

(Theorem 7.4). This emergent property — a proof about where, and in how many steps, the
program’s honesty lives — is itself [EST], and it is what distinguishes a disciplined research
program from a suggestive vocabulary.

Remark 8.1 (Emergence does not upgrade warrant). It is tempting to read “emergent” as
“more than the sum of parts, hence more credible.” The status calculus forbids this (Re-
mark 5.5): an emergent property inherits the join of its factors’ warrants. Emergence 2 and
the segment part of Emergence 3 are [SPEC] because a [SPEC] factor enters, and remain
[SPEC] no matter how compelling the composite reads. This is the synthesis honouring its
own spine.

9 The Through-Line: Measurement → Relations →
Geometry

9.1 Inverting the order of explanation, through named stations

With the four cross-cutting structures in place, the program’s single physical thesis can be
stated in one line. Standard physics reads Figure 1 in reverse: posit (X,⪯, g), then build
Meas, Obs, Rep on top. The program reads it forward: posit a category and a condensed
sheaf, treat states and observables as representation-theoretic data, and let geometry appear
last, as reconstruction output. This is the through-line

measurement → compatibility → relations → causal order → topology → geometry,

the inversion of geometry → observables into observables → geometry — now passing, cru-
cially, through the named intermediate stations of the reconstruction sub-ladder, so that
“measurement → geometry” is never a single step.

25



Heuristic 9.1 (The through-line [HEU]). The arrow measurement → relations → geometry is
warranted [HEU] as an organizing posture: it is the direction in which the four cross-cutting
structures are read, and it is exactly the direction realized rigorously (in restricted settings)
by the five reconstruction anchors of Section 6.1. Its completion to physical spacetime is
the [SPEC] segment R3–R6, whose head arrow R3 (relational → causal) is, by Malament’s
theorem, the natural first target.

9.2 The established precedents for the inversion

The inversion is not idle: four established results already run it in restricted settings, each
recovering a piece of geometry from relational data — and each anchors a specific rung of
the sub-ladder.

• Bisognano–Wichmann [20] (anchors R3): the causal complement and boost flow —
pure geometry — are recovered from a von Neumann algebra and a state (relations),
on a fixed background wedge.

• Malament [24] (anchors R4): the topology, smooth structure, and conformal metric
of a distinguishing spacetime are determined by its causal order alone.

• Causal sets / Connes [34, 21] (anchor R5): order + counting yields a Lorentzian
geometry in the continuum limit; a spectral triple yields a Riemannian manifold and
its geodesic distance.

• Ryu–Takayanagi / FLM / Jacobson [25, 26, 31] (template for R6): geometric
area is computed from entanglement entropy, and linearized Einstein dynamics follows
from entanglement first-law relations — dynamics from a relational quantity, inside
holographic duality.

Remark 9.2 (The through-line’s honest ceiling). Each precedent runs the inversion in a re-
stricted setting: static and Riemannian (Connes), on a fixed background wedge (Bisognano–
Wichmann), in a determination (not reconstruction) direction (Malament), or inside a
specific holographic duality (RT/FLM/Jacobson). None runs it in the full, background-
free, Lorentzian, dynamical generality the program’s headline requires, and none runs it
condensed-natively. The synthesis states this ceiling plainly: the through-line is real and
established in pieces, one rung at a time, and [SPEC] as a claim about spacetime as such.
This is the same boundary as Corollary 5.4, viewed from the physics side — and it is a
segment, not a wall at a single arrow.

10 The Theorem-Shaped Research Target

The value of the expanded ladder is that it converts a slogan into a program with a sharp
objective. The program’s headline is not “spacetime is emergent”; it is a single theorem-
shaped target that instantiates the reconstruction segment R3–R5 in a controlled model.
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The sharp research target [SPEC]

Build an inverse system of finite causal diamonds {Dα} (equivalently, detector
contexts or spin-network refinements), with transition maps the standard AQFT
inclusions of local regions ordered by containment (a directed set under refinement).
Attach a condensed observable sheaf U 7→ Obs(U) to it (interfaces A1–A5). Extract its
compatibility / Čech-cohomology / modular data (rungs R1, R2). And prove that the
limit

lim←−
α

Dα ⇝ (S,⪯) Malament−−−−−→ τ
order+vol.−−−−−−→ (X,⪯, g)

recovers the causal order (S,⪯) (R3), then the topology τ (R4), then a Lorentzian
metric (X,⪯, g) (R5) in controlled cases, with modular flow supplying the
determination-direction anchor at R3 (Bisognano–Wichmann [20, 19]), Malament’s
theorem [24] doing the causal → topology → conformal work once R3 is in hand, and
a counting (volume) datum fixing the Lorentzian scale in the manner of causal
sets [34]. This target is strictly smaller than “derive general relativity” and strictly
larger than any finite check now available; it is exactly the segment R3–R5 made into a
limit theorem over an explicit inverse system.

Remark 10.1 (“Measurements glue, therefore geometry” is not a proof). We state this as
plainly as possible, because it is the single discipline the target enforces. The fact that a
condensed observable sheaf satisfies descent — that compatible local measurements glue — is
[EST] (interface A1, rung R1, Theorem 7.7). It does not entail that a causal order, a topology,
or a metric exists, still less a Lorentzian one. The inference “measurements glue, therefore
spacetime” skips exactly the four theorem-shaped rungs R3–R6, each of which requires its
own argument and none of which follows from descent alone. The research target is precisely
the obligation to supply those four arguments, in order, on an explicit inverse system — not
to assert them. Any reader who takes the gluing of measurements as evidence for emergent
geometry has crossed the segment S without paying for it.

Remark 10.2 (Milestones and falsifiable sub-claims, from Part VII). Part VII decomposes
this target into numbered milestones and isolates falsifiable sub-claims, which we record
because they are what make the segment a program rather than a slogan. The milestones
(with the rung each addresses): M1, a condensed net comparison specializing to Haag–
Kastler (A4, R1); M2, a condensed Tannakian reconstruction (A3); M3 — the first target
— the inverse system of causal diamonds recovering the causal order (R3); M4 — the pivot
— a condensed Lorentzian reconstruction carrying R3–R5; M5, a condensed scaling limit to
a manifold (R4, R5); M6, emergent linearized Einstein equations (R6). The falsifiable sub-
claims (mathematical falsifiability: a definite truth value with a recognizable counterexample
or no-go theorem): F1, the condensed net recovers microcausality on Minkowski; F2, the
relational/modular functor of M3 induces the correct causal order on a free scalar field on
2-dimensional Minkowski; F3, a Riemannian obstruction to any Lorentzian realization of a
condensed spectral datum (a possible no-go at R5); F4, no condensed action in a specified
class has an Einstein–Hilbert large-scale limit (R6). None is settled; each is stated so a
positive construction or a no-go result would be a definite outcome.
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11 Consolidated Status Census

11.1 The per-rung census

Because the spine of this synthesis is the expanded ladder, the primary census is per rung :
one row per interface, with its construction and interpretation warrants, the developing
Part(s), and the established anchor. This is the honest bottom line at the resolution the
revision demands — it makes visible that the [SPEC] is a contiguous segment R3–R6, not a
single arrow, and that everything above it is established construction.

Rung Construction σc σi Part(s) /
anchor

Established core

A1 Cat→ Cond(Sh) [EST] [EST] I, II / pro-étale
site

A2 Cond(Sh)→ D [EST] [EST] III, IV /
D(Cond(Ab))

A3 D→ Rep [EST] [HEU] V / Tannakian

A4 Rep→ Obs [EST] [HEU] II, IV / GNS,
AQFT

A5 Obs→ Meas [EST] [HEU] II, III / GNS,
correlators

Reconstruction sub-ladder

R1 Meas→ Compat [EST] [HEU] II, III / descent,
Čech

R2 Compat→ Rel [EST] [HEU] III, V / modular
flow, RT

R3 Rel→ Caus [SPEC] [SPEC] V, VI /
Bisognano–
Wichmann

R4 Caus→ Top [SPEC] [SPEC] V, VI /
Malament; causal
sets

R5 Top→ (X,⪯, g) [SPEC] [SPEC] V, VI /
order+vol.;
Connes

R6 (X,⪯, g)→ Dyn [SPEC] [SPEC] IV, VI / spectral
action; EPRL

Composite P [SPEC] [SPEC] via segment
R3–R6

Truncation P− (through Rel) [EST] [HEU] A1–A5, R1, R2
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Corollary 11.1 (Census composite). Joining the σc and σi columns in (W,⊕) gives SPEC
in both, attained exactly on R3–R6; joining over the truncation P− gives EST (construction)
and HEU (interpretation). This is Theorem 7.4 read off the table.

11.2 The per-Part census, extended from the knowledge base

We also reproduce and extend the program’s per-Part master census — the epistemic-
transparency device every Part carries — now annotating each Part with the ladder arrow(s)
it develops, so the two censuses cross-reference.
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Part Established core
[EST]

Speculative
claim [SPEC]

Arrow(s) Composite

I Condensed sets,
pro-étale site,
Topcg ↪→ Cond
(Prop. 1.7),
Cond(Ab) abelian

Planck-scale
spacetime is
condensed;
nonlocality via
profinite indexing

A1 [HEU]/[SPEC]

II Sites/sheaves/
descent; AQFT
nets; factorization
algebras;
Aut ∼= Stab

Observables
condensed-sheaf-
valued before
geometry

A1, A4, A5,
R1

[HEU]/[SPEC]

III D(Cond(Ab)),
solid/liquid;
surface-code
H1(Σ;F2); RT;
HaPPY

Entanglement =
sheaf
compatibility;
geometry from
compatibility

A2, R1, R2 [SPEC]

IV Solid/liquid
modules; analytic
rings; six-functor;
free field CCR/
Weyl, GNS

Condensed
interacting QFT
models real fields

A2, R6 [SPEC] (math [EST])

V Tannakian;
Gelfand; Connes;
Bisognano–
Wichmann;
cobordism; finite
toy models

Condensed-
Tannakian
reconstruction of
emergent
geometry

A3, R3–R5 [SPEC]

VI Weakest-link
theorem; finite
closure theorem
(code-backed)

Gravity from
gluing; classical
spacetime as limit

A1–A5, R1–
R6

[SPEC]

VII The expanded
hierarchy,
arrow-by-arrow;
Program Status
Theorem

Einstein equations
/ QFT dynamics
as large-scale
limits

R6 [SPEC]

All The pipeline P
(Theorem 7.4):
σc(P−) = EST

Emergent space-
time/gravity:
σi(P) = SPEC via
segment R3–R6

R3–R6 [SPEC]
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11.3 What is genuinely established across the seven Parts

Lest the honest [SPEC] of the headline obscure it, we catalogue the genuinely [EST] results
the program proves or rigorously re-encodes. These stand independently of any physical
claim.

The established deliverables of the program [EST]

1. (Part I) The comparison Topcg ↪→ Cond(Set) is fully faithful, and Cond(Ab) is
Grothendieck abelian — a rigorous sense in which manifolds are a special case of
condensed spaces with all topological information preserved.

2. (Part II) A condensed sheaf of observables satisfies descent, with automorphism
retention Aut[X/G](x)

∼= StabG(x) (Theorem 4.2); the Čech obstruction to gluing

is a genuine Ȟ1.

3. (Part III) The surface-code theorem logical operators↔ H1(Σ;F2) and the
quantum-marginal / strong-subadditivity structure are exact, code-backed
instances of “cohomological data ↔ protected quantum information.”

4. (Part IV) The free scalar field — symplectic space, CCR/Weyl ∗-algebra,
Pauli–Jordan propagator, quasi-free vacuum, GNS data — is faithfully
re-encoded in Cond(Vect); classical nuclear test-function/distribution spaces
embed faithfully with the Schwartz kernel theorem becoming an adjunction.

5. (Part V) Five reconstruction theorems (Tannakian, Gelfand, Connes,
Bisognano–Wichmann, cobordism) are organized into one schema, with two fully
worked, code-backed finite toy models (finite-group Tannakian reconstruction;
finite spectral distance as a graph metric).

6. (Part VI) The weakest-link theorem (Theorem 5.2) and the finite closure
theorem (Theorem 7.7), both code-backed.

7. (Part VII) The Program Status Theorem localizing all speculation in the
segment R3–R6, and a finite [EST] discrete-to-continuum witness (cycle-graph
Laplacian spectrum → circle Laplacian spectrum, error O(k4/n2); refining path
metric → interval metric).

8. (Synthesis) The Synthesis Consolidation Theorem (Theorem 7.4): the eleven
interfaces compose, everything through relational structure is established
construction, and the speculative burden is localized in the four-arrow segment
R3–R6.

11.4 The non-identifications, consolidated

A synthesis is where distinct programs are most likely to be silently merged, so we consolidate
the program’s explicit non-identifications, stated across Parts I, V, and VII [1, 5, 7]. None
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of the following may be conflated.

• Condensed mathematics (external/analytic, sheaves on profinite sets) ̸= cohesive
HoTT [36] (internal/synthetic modal type theory, built on univalent foundations [35])
̸= topos quantum theory [37] (presheaves on a context category for quantum logic).
All use topos technology toward different ends.

• Connes’ Riemannian, static reconstruction ̸= a Lorentzian, dynamical geometry-from-
representation reconstruction (open, the content of R5) [23].

• Malament’s determination (causal order ⇒ topology + conformal metric) ̸= a recon-
struction of causal order from condensed relational data (the content of R3, open); the
anchor licenses R4, not R3.

• ER=EPR / RT-formula “entanglement builds geometry,” native to AdS/CFT [28, 25],
̸= an established general mechanism outside holographic duality.

• Classical Tannakian reconstruction (genuinely proved, Vectfdk -valued) ̸= the conjectural
condensed-Tannakian reconstruction of emergent geometry (Part V’s central [SPEC]
proposal).

• The condensed site ̸= a causal set: in this program “order” is an output of the recon-
struction arrow R3, not a postulated primitive [7, 34].

12 Discussion

12.1 What the synthesis establishes, and what it does not

The synthesis establishes three things, all meta-level and all honest. First, the program is
coherent : its seven modules compose into a single eleven-interface ladder (Theorem 7.4(1))
displayed as one master figure (Figure 1). Second, the program is rigorous up through rela-
tional structure: every interface A1–A5, R1, R2 is an established mathematical construction
(Theorem 7.4(2)), anchored at the algebra → metric leg by a finite, code-backed closure
theorem (Theorem 7.7). Third, the program is honest in its whole: its entire speculative
burden is localized in the named, contiguous segment R3–R6 (Theorem 7.4(3–4)), and the
status calculus (Theorem 5.2) makes it impossible for downstream rigour to launder that
speculation.

The synthesis does not establish that spacetime emerges from measurement data, that
entanglement is condensed-sheaf compatibility, that a condensed interacting QFT exists,
that a causal order can be reconstructed from modular data, or that the Einstein equations
follow as a large-scale limit. Each of these is [SPEC], marked as such, and left open; and —
the point of the revision — they are distinct open problems, one per rung of the segment,
not a single undifferentiated leap. A synthesis that claimed otherwise, or that compressed
the four into one, would violate the very spine it is built on.
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12.2 Relation to other programs

The program sits near, but is deliberately distinguished from, several established lines. It
shares with noncommutative geometry [21, 22] the idea that geometry is recovered from
algebra, and inherits Connes’ reconstruction as the anchor for R5 — but it proposes to
condense the reconstruction and to reach the Lorentzian case Connes’ theorem does not
cover. It shares with causal sets [34] the conviction that causal order is close to all of geometry
(Malament) and anchors R4, R5 on “order + number = geometry” — but its substrate is
a condensed sheaf of observables, and order (if it emerges) is a derived relation at R3, not
a primitive. It shares with the holographic-entanglement line [25, 27, 30] the slogan that
geometry is built from entanglement, with the HaPPY holographic code [29] as its sharpest
toy model — but it proposes a condensed-cohomological upgrade of the ER=EPR metaphor
and is careful that the metaphor is itself [SPEC] outside AdS/CFT. It shares with loop
quantum gravity [32, 33] the goal of a background-independent quantum geometry and cites
the EPRL Regge limit as a template for R6 — but it presupposes no manifold. Its closest
methodological kin is the cobordism-hypothesis picture [12] of “physics as a functor,” which
the pipeline P generalizes to a condensed, derived setting. Section 11.4 forbids conflation
with any of them.

12.3 Open problems, consolidated

The program’s open ends, gathered from all seven Parts, reduce to four questions, and each
is now tied to a specific rung of the segment R3–R6. Each is [SPEC]; for each we state the
established anchor and what a decisive result would require.

Q1 Do condensed sheaves furnish a background-independent language for quantum gravity?
(Condensed reading of A4, R1.) Anchor: locally covariant AQFT [16] and the finite
closure theorem (Theorem 7.7). Decisive result: a condensed sheaf of observables that
provably specializes to a Haag–Kastler net in a manifold limit.

Q2 Can the causal order be reconstructed from compatibility and modular data among
condensed objects? (Arrow R3; the head of the segment.) Anchor: Bisognano–
Wichmann [20], Malament [24]. Decisive result: a condensed causal-order recon-
struction with no spacetime input, from which — by Malament — topology and the
conformal metric follow. This is the natural first target.

Q3 Do topology and a Lorentzian metric arise as an effective realization of the reconstructed
causal order? (Arrows R4, R5.) Anchor: the finite discrete-to-continuum witness of
Part VII (cycle-graph spectrum → circle spectrum); Connes [21]. Decisive result: a
controlled limit in which a family of condensed/derived objects realizes to a Lorentzian
manifold with its metric.

Q4 How could the Einstein field equations and QFT dynamics emerge as large-scale lim-
its? (Arrow R6.) Anchor: the spectral action [22], the Jacobson/FLM entanglement-
thermodynamics derivations [31, 26], the Regge limit of spin foams [32]. Decisive result:
a condensed action functional whose semiclassical limit reproduces the Einstein–Hilbert
action.
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Remark 12.1 (The four questions are one segment, seen four ways). Q1–Q4 discharge the
segment R3–R6 of Theorem 7.4, from four sides: language (Q1), causal structure (Q2 = R3),
kinematic limit (Q3 = R4, R5), and dynamics (Q4 = R6). This is the synthesis’s final
economy: the program has one hard segment — four theorem-shaped reconstruction steps
— refracted into four researchable questions, each with a real established anchor and a
precise decisive-result criterion, and ordered by Malament’s theorem so that R3 (Q2) is the
natural first target. Crucially, this is a correction of the earlier reading in which the four
collapsed into a single arrow: they do not, and a synthesis that pretended they did would
understate the work by a factor of four.

12.4 The value of a modular synthesis

The value of presenting this program modularly, rather than as a single monolithic theory,
is now visible. Because the modules are separable, the program is auditable in pieces : one
can accept Part I’s comparison theorem and reject Part V’s condensed-Tannakian conjecture
without contradiction; one can strengthen Part III’s cohomological formalism while leaving
Part VI’s dynamical claim untouched; one can work on the causal-reconstruction rung R3

independently of the dynamical rung R6. Because the compositions are explicit, the emergent
properties are traceable: each is a named consequence of a named composition, with a
computed warrant. And because the status calculus threads through all of it, the program
is honest under composition: no assembly of rigorous modules is permitted to manufacture
a rigorous headline from a speculative segment, and — the point of the revision — that
segment is now resolved into its four constituent steps rather than hidden inside a single
arrow. A monolithic “theory of everything” presentation would have hidden exactly these
seams; the modular synthesis exposes them, which is what makes the program a research
proposal rather than a claim.

13 Conclusion

We have synthesized a modular seven-part program without fusing it. The seven Parts are
modules — Part I (condensed spaces), Part II (observables as condensed sheaves), Part III
(information as condensed cohomology), Part IV (condensed fields), Part V (geometry as
a realization functor), Part VI (a representation-theoretic foundation for quantum gravity),
Part VII (the Condensed Representation Principle) — and they compose, hierarchically and
explicitly, into a single condensed representation ladder whose spine is the expanded diagram
of Figure 1: an established constructional core Cat → Cond(Sh) → D → Rep → Obs →
Meas, followed by a reconstruction sub-ladder Meas → Compat → Rel → Caus → Top →
(X,⪯, g)→ Dyn.

Four cross-cutting structures make the composition possible and give the program its
spine: the condensed site as common substrate; sheaf/descent gluing as the recurring mech-
anism; the status calculus as epistemic discipline; and realization functors as connective
tissue. At each composition, an emergent property appears — a site of contexts, obstruction
cohomology, a rung-by-rung emergent geometry, the localization of speculation — present
in the composite and in no single module.
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Our central deliverable is honest and meta-level: the Synthesis Consolidation Theorem
(Theorem 7.4). The eleven interfaces compose; every arrow up through relational structure
is established as a mathematical construction; and the composite physical warrant is [SPEC]
because of, and only because of, the Rung 4–7 segment R3–R6 — relational → causal →
topology → metric → dynamics — not a single arrow. Each of the four segment arrows is
theorem-shaped, anchored to a determination-direction result: Bisognano–Wichmann (mod-
ular flow → boost) at R3, Malament (causal order → topology + conformal metric) at R4,
causal sets and Connes (order + volume, algebra → Riemannian metric) at R5, and the
spectral-action / spin-foam / thermodynamic templates at R6. The program’s objective is
correspondingly sharp: an inverse system of finite causal diamonds whose condensed observ-
able sheaf, compatibility/modular data, and limit are conjectured to recover causal order,
then topology, then a Lorentzian metric — with the standing warning that “measurements
glue, therefore geometry” is not a proof but a name for four obligations.

The mathematical modules (condensed mathematics, sheaf and descent theory, AQFT
and TQFT, derived algebraic geometry, Tannakian and Connes reconstruction, operator
algebras) are established. The physical synthesis (emergent spacetime, gravity from infor-
mational gluing) is speculative. The value of the synthesis is precisely that it holds those
two apart — rigorously, compositionally, and by a proved calculus rather than a disclaimer
— while showing exactly how the established modules assemble toward the speculative goal,
and exactly where, and in how many theorem-shaped steps, the missing segment lives.
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[37] C. J. Isham and A. Döring, “Topos theory and ‘neo-realist’ quantum theory,”
arXiv:0712.4003, 2007.

37



[38] The YonedaAI Collaboration, math-phy-library : 6-module representation-stack / sheaf
/ HoTT / TQFT ladder (internal prior work), 2026 (representation entries,
prestacks/stacks, the Aut[X/G](x) ≃ StabG(x) theorem family; surface-code H1(Σ;F2)
theorem).

[39] The YonedaAI Collaboration, mathematics-physical-representation: 5-rung
motivic/coalgebraic realization ladder (internal prior work), 2026 (mixed Tate motives
as a worked neutral Tannakian category).

[40] The YonedaAI Collaboration, math-qg-representation-library : 12-topic
representation-theoretic dossier on quantum gravity (internal prior work), 2026
(Connes reconstruction; Bisognano–Wichmann; RT/HaPPY; weakest-link composition
discipline).

38


	Introduction
	The governing perspective and the meaning of ``synthesis''
	The seven modules at a glance
	The expanded ladder is the spine
	Four cross-cutting structures
	Contributions of this synthesis

	The Modular Architecture
	Interfaces, the ladder, and modules
	The master stack: the expanded ladder in one figure
	Composition and its direction

	Cross-Cutting Theme I: The Condensed Site as Common Substrate
	One site, seven times
	How each module instantiates the substrate

	Cross-Cutting Theme II: Sheaf/Descent Gluing as the Recurring Mechanism
	One operation, four appearances
	The sheaf-versus-cosheaf fork
	The gluing theorem that must survive: automorphism retention

	Cross-Cutting Theme III: The Status Calculus as Epistemic Spine
	The calculus
	The spine, worked across the seven Parts

	Cross-Cutting Theme IV: Realization Functors as Connective Tissue
	One schema, five established instances
	The condensed generalization is the speculative move

	The Unified Mathematical Framework: The Condensed Representation Pipeline
	The pipeline as a lax-functorial composite
	The reconstruction sub-ladder, rung by rung
	The Synthesis Consolidation Theorem
	The established core: a finite closure theorem

	Emergent Properties from Composition
	Emergence, precisely
	The four decisive emergences, discussed

	The Through-Line: Measurement to Relations to Geometry
	Inverting the order of explanation, through named stations
	The established precedents for the inversion

	The Theorem-Shaped Research Target
	Consolidated Status Census
	The per-rung census
	The per-Part census, extended from the knowledge base
	What is genuinely established across the seven Parts
	The non-identifications, consolidated

	Discussion
	What the synthesis establishes, and what it does not
	Relation to other programs
	Open problems, consolidated
	The value of a modular synthesis

	Conclusion

